FINITE W-SUPERALGEBRAS AND TRUNCATED SUPER 

YANGIANS 

YUNG-NING PENG 

Abstract. We introduce the super Yangian Y\ n of general linear Lie superal- 

pg ■ gebra associated to any Borel subalgebra b for fll m u. Let e £ Qi m i\ n i be a "rect- 

«, angular" nilpotent element and W e be the associated finite W-superalgebra. We 

Q_i' show that, for each b, the truncated super Yangian Y\ n of level I is isomorphic 

■^i . to W e . As a consequence, the super Yangians Y\ n are shown to be isomorphic 

for all b. 



< 

r] ■ 1. Introduction 

-(— > | 

The connection between Yangians and finite W-algebras of type A was first 
noticed by mathematical physicists Ragoucy and Sorba in [RS] in some special 
cases, and then constructed in general cases by Brundan and Kleshchev explicitly 
in [BK] . In this way, a realization of finite W-algebra in terms of truncated Yangian 
(*<-) . is obtained, and this provides a useful tool for the study of the representation theory 

of finite W-algebras. 

In this note, we build such a connection between finite W-superalgebras and 
super Yangians of type A where the nilpotent element e is rectangular (cf. §3 for 



> 



en 

O ■ the precise definition). The Borel subalgebras are no longer all conjugate by the 

corresponding Weyl group in the general linear Lie superalgebra Ql m \ n - 

Let b be a fixed e-S sequence of Ql m \ n (cf. [CW]). The set of such sequences is 
in one-to-one correspondence with the set of the Borel subalgebras of Qi m \ n up to 
Weyl group conjugation. For each b and a non-negative integer I, we define Y^,, 
the super Yangian for 0t m u associated to b, and the truncated super Yangian of 
level I, denoted by Y ', , as a quotient of Y\. 

' J m\n ) t- m\n 

The original definition of super Yangian in [Na] corresponds to the standard Borel 
case, where all the <5's appear before all the e's. It is non-trivial from definition 
that whether or not Y\ n and Y\ n are isomorphic when b and b' are distinct. 

Our main result is that for any fixed e-5 sequence b, there exists an isomorphism 

h / 

of filtered algebras between Y\ and W e , the finite W-superalgebra associated to 
a rectangular e in Ql m i\ n i- When the Borel is the standard one, such a connection 
was firstly obtained in [BR] in a different approach. In this article, we provide a 
new proof which applies to any b. Our proof is similar to [BK]. In particular, the 
specialization of our results when m — n—1 coincides with the rectangular shape 
case of [BBG]. 

l 
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An interesting observation is that W e is independent of the choices of b. In- 
deed, choosing different b means using different basis to describe the same Levi 
subalgebra of gl m i\ n i- As a result, we proved that the super Yangians Y\ are all 
isomorphic for every b. 



2. Super Yangians Y\ 

Let m and n be non- negative integers. Let b be an e-5 sequence of gi m \ n in- 
troduced in [CW]. That is, b is a sequence consisting of exactly m 5's and n e's, 
both indistinguishable. Note that the set of e-5 sequence of gl m \ n is in one-to-one 
correspondence with the set of the Borel subalgebras of gl m \ n up to Weyl group 
conjugation. 

For each I < i < m + n, define a number \i\ e Z2, called the parity of i, as 
follows: 

if the i-th position of b is 5, , , 

1 if the i-th. position of b is e. 

For a given b, the super Yangian YK is the associative Z 2 -graded algebra (i.e., 
superalgebra) over C with generators 

{t[%\l<t,J<m + n;r>0}, (2.2) 

where t\,. b := 5ij and defining relations 

min(r,s) — 1 

U(r) +(*) l (i\\i\\j\ + \i\\h\ + \j\\h\ V^ (At) Ar+s-X-t) _ Ar+s-X-t) M \ (e) ~\ 
[ L ij;bi L hk;b\ ~ V L ) 2-*i \hj;b L ik;b L hj;b l ik;b\i K^- ) 

t=0 

where the bracket is understood as a supercommutator. 

For r > 0, the element tf-: b is defined to be an odd element if |z| + \j\ = 1 and 
an even element if \i\ + \j\ = 0. In the case when m = or n = 0, it reduces to the 
usual Yangian. The generators in (2.2) are called the RTT generators while the 
relations (2.3) are called the RTT relations. 

It is non-trivial from the definition that whether or not Y\ n and Y\ n are iso- 
morphic when b and b' are different. For convenience, in this article we will fix such 
a b and when it's suitable we omit the b in our notation; that is, Y m \ n = Y\ n and 

t\j = t\*j! b . Note that the original definition in [Na] corresponds to the standard 

Borel case, which means b = 5 ■ ■ -5 e- ■ ■ e. 

For all 1 < i,j < m + n, we define the formal power sequence 



tij(u) :=5^t. 



(r) - 



r>0 
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It is well-known (cf. [Go]) that Y m \n is a Hopf-algebra, where the comultiplication 

A : Y m \ n ->■ Y m \ n g) Y m \ n is defined by 

r m+n 

^^EEtt- ( 2 - 4 ) 

s=0 fe=l 

and one has the evaluation homomorphism ev : Y m \ n — > U(Ql m i n ) defined by 

ev (%(«)) := Sij + (-l) N e 4J , (2.5) 

where ejj denotes the elementary matrix. 

Definition 2.1. Let / be a non-negative integer and If be the 2-sided ideal of Y\ n 
generated by the elements {%-Jl < i,j < m + n, r > /}. The truncated super 
Yangian of level I, denoted by Y\, is defined to be the quotient Y\Jl\. 

Again, for the sake of convenience, when it's appropriate we will omit the fixed 
b in our notations so that Ii = if and YK = Yv. 

Equivalently, YL n can be described as the superalgebra generated by the RTT 
generators (2.2) subjects to the RTT relations (2.3) plus the following relations: 

if- = 0, for all 1 < i, j < m + n and r > I. 

In fact, there's one more way to describe Yh n . We define the following homo- 
morphism 

l— copies 



Kl : = (ev <g> • • • <g> ev) o A z : Y m \ n -* U{gi mln ) & , (2.6) 

then we have 

«i(*S } )= E E (- 1 ) |l|+lnl+ - +|t "- lle K e !l--- e !:i^ ( 2 - 7 ) 



l<si<---<s r <i l<Ji,...,i r _i<m+n 

where e{j := l®^- 1 ) <g> e i:j (gi 1®('~ S ). 



One may observe that the kernel of ki is exactly the 2-sided ideal /;. As a 

m\n 



consequence, we may identify Yh with the image of Y m \ n under the map K[. In 



particular, the induced map 

K, : Yi ]n -► U(gi mln r l (2-8) 

is an injective homomorphism. 

It should be clear from the context that we are dealing with Y m \ n or YL n hence 

we will use the same notation t[, to denote its image in Y^, by abusing notations. 

The following theorem is a PBW theorem for Yj\ and Yv. We remark here 

*— ' I I L\ lb lib Tb 

that the proof of [Go, Theorem 1] applies in our setting for any fixed b. 

Proposition 2.2. Let b be fixed. Then the set of all supermonomials in the ele- 
ments 

[t^! b \l <i,j<m + n,l<r<l} 
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taken in some fixed order (containing no second or higher order powers of the odd 
generators) forms a basis for Y\. 

Similarly, the set of all supermonomials in the elements 



\ 4i;b \l<i,j<m + n,l<r\ 



taken in some fixed order (containing no second or higher order powers of the odd 
generators) forms a basis for Y\ n . 

Define the canonical nitration of Y m \ n 

FoY m \n Q FiY m \ n C F 2 Y m \ n C - • • 

by cleg t\j := r, i.e., F d Y m \ n is the span of all supermonomials in the generators if) 
of total degree < d. It is clear form (2.3) that the associated graded algebra gr Y m \ n 
is supercommutative. We also obtain the canonical filtration on YL n induced from 
the natural quotient map Y m \ n -» YL n . 

3. Finite W-superalgebras 

Let M and N be non-negative integers. Let g = q\-m\n an d ( • , • ) denote the 
non-degenerate even supersymmetric invariant bilinear form on g defined by 

(x,y) := str(xy),\/x,y e g, 

where str means the super trace and xy stands for the usual composition. Every 
elements of g in the context are considered ^-homogeneous unless mentioned 
specifically. 

Let e be an even nilpotent element in g. It can be shown (cf. [Ho], [Wa]) that 
there exists (not uniquely) a semisimple element h G g such that ad h : g — >■ g gives 
a good Z-grading of g for e, which means the following conditions are satisfied: 

(1) ad/i(e) = 2e, 

(2) = iGZ flO'). where aU) '■= i x e Sl ad/i(x) = jx}, 

(3) the center of g in contained in g(0), 

(4) ade : g(j) — > g(j + 2) is injective for all j < —1, 

(5) ade : g(j) — > g(j + 2) is surjective for all j > — 1. 

In this article we only care abut the case where the grading is even, that is, we 
always assume that g(i) = for all i (jt 2Z. 

Define the nilpotent subalgebras of g as follows: 

p:=0g(j), m:=0g(j). (3.1) 

Let x £ 0* be defined by x{v) := (z/) e ); f° r & U V £ 0- Then the restriction 
of x on m gives a one dimensional C/(m) -module. Let I x denote the left ideal 
of U(g) generated by {a — x( a )\ a ^ m l- By PBW theorem of U(g), we have 
U(g) = U(p) © I x . Let pr x : U(g) — > U(p) be the natural projection and we can 
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identify U(g)/I x = U(p). Furthermore we define the x-twisted action of m on U(p) 
by 

a ■ y :— pr ([a, y]) for all a G m and y G U(p). 

The finite W-superalgebra (which we will omit the term "finite" from now on) is 
defined to be the m-invariant space of U(p) under the x-twisted action; that is, 

W e>h := U(p) m ={y G U(p)\ Wx ([a,y]) = 0,Va G m} 

={y G U(p)\(a - X (a))y G I X} \/a G m}. 

At this point, the definition of W-superalgebra depends on the nilpotent element 
e and a semisimple element h which gives a good Z-grading for e. 



Example 3.1. If we take the nilpotent element e = 0, then x 
m = 0, ■W e , h = U(p) = U(g). 



0, = 0(0) = p, 



Now we introduce certain combinatorial objects called (rn,n)- colored rectangles 
(which are in fact special cases of the so called pyramids). These objects provide 
a diagrammatic way to record the information needed to define W-super algebras. 

Let 7r be a rectangular Young diagram with m + n boxes as its height and I boxes 
as its base. We choose arbitrary m rows and color the boxes in these rows by +, 
while we color the other n rows by — . Such a diagram is called an (m,n)-colored 
rectangle, or a rectangle for short. For example, 



7T 



crs 



Set M = ml and N = nl. We enumerate the L+J boxes by the numb 
{1, . . . , M} down columns from left to right, and enumerate the bd boxes by 
the numbers {1, . . . , N} in the same fashion. In fact, we may enumerate the boxes 
by an arbitrary order as long as the parities are preserved so we just choose the 
easiest way according to our purpose. Moreover, we image that each box of n is 
of size 2x2 and n is built on the x-axis where the center of n is exactly on the 
origin. For example, 



7T 



T 


3 


5 


7 


1 


4 


7 


10 


2 


4 


6 


8 


2 


5 


8 


11 


3 


6 


9 


12 



(3.2) 



-3-1 1 3 
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We now explain how to read off an even nilpotent e(7r) and a semisimple h(7r) 
in g = Ql M \ N which gives a good Z-grading of g for e from a given rectangle n. Let 

J = {1 < . . . < M < 1 < . . . < N} be an ordered index set and let {ei\i £ J} be 
a basis of C^. We identify gl M{N = End (C^^) with the (M + N) x (M + N) 
matrices over C by this basis of C M ^ N with respect to the order e« < ej if i < j in 
J. 

Define the element 

e(7r) := ^ e itj £ gl^, (3.3) 



summing over all adjacent pairs I l I J I of boxes in n. It is clear that such an element 
e(n) is even nilpotent. 

Let col(z) denote the x-coordinate of the box numbered with i £ J. For instance, 
in our example (3.2), col(l) = —3 and col(8) = 1. Then we define the following 
diagonal matrix 

h(ir) := -diag(col(T), . . . , col(M), col(l), . . . , col(iV)) £ g. (3.4) 

One may check directly that adh(7i) gives a good Z-grading of g for e(ir). 

Remark 3.2. In general, there are other even good Z-gradings for e. However, if 
our e = e(-7r) is obtained by a rectangle -n according to (3.3), then such a grading 
is unique by [Ho, Theorem 7.2] because we can't shift the rows of n to obtain 
pyramids other than itself. 

Now we characterize those e obtained from (3.3) for some rectangle ir. Consider 

e = e M ®e N e End C A/|7V , (3.5) 

where cm and e^ are the restriction of e to C A/ '° and C '^, respectively. Let 
fi = (/ii, /i 2 , . . .) and v — {v\, u 2 , . . .) be the partitions representing the Jordan type 
of e^,f and e^r, respectively. 

Definition 3.3. An element e is called rectangular if it is even nilpotent and the 

m— copies 

Jordan blocks of sm and e^ are all of the same size /, i.e., /x = (/,...,/) and 

n— copies 

v = (/,...,/) for some for some non-negative integers I, m, n. 

Clearly, e is of the form (3.3) for some rectangle tt if and only if e is rectangular. 
Assume now e is rectangular. We define a new partition A by collecting all parts 
of /i and v together and reorder them by an arbitrary order. Since all the parts 
are the same number /, we use 1 to denote the parts obtained from /i. 

For example, consider gl 8 | 12 , /i = (4,4) and v = (4,4,4). Then one possible A is 
A = (4,4,4,4,4). 

Next we read off an e-5 sequence b from A : if the i-th position of A is / (respec- 
tively, /), then the i-th position of b is e (respectively, 5). For example, the A above 
corresponds to the e-5 sequence b = 5eSee. 
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Then we color the rectangle of height m + n base I with respect to b: we color 
the z-th row of it by + (respectively, — ) if the 2-th position of b is 5 (respectively, 
e) where the rows are counted from top to bottom. After coloring the rows, we 
enumerate the boxes of tt by exactly the same fashion explained in the paragraph 
before (3.2). 

Therefore, we have a bijection between the set of (m, n)-colored rectangles of 
base / and the set of pairs (e, b) where e is a rectangular element in Ql mi \ n [ and b 
is an e-5 sequence containing exactly m 5's and n e's. 

Let 7r be a fixed (m, n)-colored rectangle and e(ir) denote the rectangular element 
corresponds to n. We will denote by W^ := W e ( 7r ) the W-superalgebra associated 
to e(ir). Note that we may omit h(n) in our notation by Remark 3.2 without 
causing any ambiguity. 

Remark 3.4. Another interesting observation is that W,,- is independent of the 
choices of the sequence b because any other sequence b' yields to the same e and 
hence the same W-superalgebra. 

Now we label the columns of tt from left to right by 1, . . . , /, and for any i G J 
we let col(i) denote the column where i appear. Define the Kazhdan filtration of 

U(qI m \n) 

■ ■ ■ C F d U( d l M]N ) C F d+1 U(Ql MlN ) C - • • 

by declaring 

deg(ejj) := col(j') - col(z') + 1 (3.6) 

for each i,j £ J and F d U(gl M i N ) is the span of all supermonomials e^^ • ■ ■ e is j s 
for s > and Ylk=i ^ e & ( e *fcjfc) — ^- Let grU(gl M \ N ) denote the associated graded 
superalgebra. The natural projection $l M \ N -» p induces a grading on W„. 

On the other hand, let g e denote the centralizer of e in g = 01 A /|tv an d let S(g e ) 
denote the associated supersymmetric algebra. We define the Kazhdan filtration 
on S(q £ ) by the same setting (3.6). The following proposition was observed in [Zh], 
where the mild assumption on e there is satisfied when e is rectangular. 

Proposition 3.5. [Zh, Remark 3.9] grW,,- = S(g e ) as Kazhdan graded superalge- 
bras. 

The following proposition is a well-known result about Q e . As remarked in [BBG], 
the result is similar to the Lie algebra case Ql M+N because e is even. 

Proposition 3.6. Let tt be an (m,n)-colored rectangle and e = e(ir) be the associ- 
ated rectangular nilpotent element. For all 1 < i,j < m + n and r > 0, define 

C S := Yl (- 1 ) M eh,fc e = 0l M |jv- 

l<h,k<m+n 

row(h)=i,row(k)=j 
col(k) — col(h)=r — 1 

Then the set of vectors {c\ fj |1 < i, j < m + n, 1 < r < /} forms a basis for g e . 
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Corollary 3.7. Let b be fixed. ConsiderY\ with the canonical filtration and S(g e ) 
with the Kazhdan filtration. Let F^Yv and FdS(g e ) denote the associated filtered 
algebras, respectively. Then for each d > 0, we have dim FdY\ n = dim F^S '(g e ) . 

Proof. Follows from Proposition 2.2, Proposition 3.6 and induction on d. □ 

4. Isomorphism between Y b '{ and W^ 

m\n " 

Let 7r be a given (m, n)-colored rectangle with base / and b be the e-8 sequence 
determined by the colors of rows of it. We now define some elements in U(p). It 
turns out later that they are m- invariant, i.e., belong to W n . 

For each 1 < r < /, define 

p r := — (/ — r){m. — n). (4-1) 

For 1 < i, j < m + n, define 

et d := (-l) col (i)-coi(i) (e . . + ^. ( _ 1) Hl pcol( . ))) ( 4 .2) 

where \i\ is determined by b as in (2.1). 
One may check that 

[ei,j,e hyk ] = {e-i,k - &fc(— l)'Vcoi(i))^y 

- (-l) (N+|j|)(|,v|+|fc|) M^ - M-l) b Vcoi(i))- (4.3) 
Also, for any 1 < i, j < m + n, we have 

, s j (-1) M+1 if row(i) = row(j) and col(z) = col(j) + 1; , . 

XK h3) \ otherwise. K ' 

For 1 < i, j < m + n, we let t|- b := Sij and for 1 < r < /, define 

*& : =£ £(-i) N ^W--*.* ( 4 - 5 ) 

s=l ii,...,j s 

where the second sum is over all z'i, . . . , i s ,ji, ■ ■ ■ ,j s G <^ such that 

(1) deg(e ilJl ) + • • ■ + deg(e isJ J = r; 

(2) col(i t ) < col(j t ) for each £ = 1, . . . , s; 

(3) col(ji) < col(z t+ i) for each t — 1, . . . , s — 1; 

(4) row(z'i) = i, row(j s ) = j; 

(5) row(j t ) = row(?' i+ i) for each t — 1, . . . , s — 1. 

First note that these elements depends on the choice of b. Also, the restrictions 
(1) and (2) imply that t\% belong to F r U(p) with respect to the Kazhdan grading. 
Define the following series for all 1 < i, j < m + n: 

UyM^Ystf^ £U{p)[[u-% (4.6) 

r>0 



FINITE W-SUPERALGEBRAS AND TRUNCATED SUPER YANGIANS 9 

Let T(Mati) be the tensor algebra of the I x I matrices space over C and g = Ql M \ N 
where M = ml, N = nl. For all 1 < i,j < m + n, define a C-linear map 
tjj.f, : T(Mati) — >■ U(q) inductively by 

Uj- b (Xi (g) X 2 <g> ...X r ) := 2^ %;b(a;i)*iii2;['( a; 2)- ••£i r _u;b(Zr), (4.7) 

l<ii,i2,... : v_i<m+n 

for 1 < a, 6 < Z, r > 1 and xi, . . . , x r G Mati, where % * a is defined to be the 
number in the (i, a)-th position of n, where we label the rows and columns from 
top to bottom and from left to right. For example, let tt be the rectangle in (3.2), 

then t23-b(e 2 ,i) = (-l) |2| e 2 *2,3*4 = ~%s- 

One may check by induction on r that for each fixed b, 

[ti j;b (x),t hk ;b(yi <S> ■ ■ ■ (8 y r )] = 

r 

(-i) mi+im+imhl {Y, th ^(yi ® • • ■®y.-i)tik*(zy. ® • • • ®y r ) 

s=l 

- t h j;b{yi <s> ■ ■ ■ ® y s x)t ik;b (y s+1 <g) ■ • ■ ® j/ r )), (4.8) 

where the products xy s and y s x on the right are the matrix products in Mati. 

For an indeterminate tt, we extend the scalars from C to C[tt] in the obvious way. 
Introducing the following matrix A(u) with entries in the algebra T(Mat{)[u\. 



A{u) 



A key observation is that for all 1 < i, j < m + n and < r < I, the element 
t\j. b e U(p) defined by (4.5) equals to the tt'~ r -coeflicient of tj J;b (rdet yl(tt)), where 

rdet A := ^ s g n ( r ) a i,r(i)a2,r(2) • ■ ■ ai,r(i), 

for a matrix A = {o>i,j)i<i,j<i- We also let A pq {u) stand for the submatrix of A(u) 
consisting only of rows and columns numbered by p, . . . , q. 



( u + ei,i 
1 


+ 


Pi 


ei,2 ei, 3 

u + e 2 ,2 + 92 e 2 ,3 


^2,1 









1 




I o 






1 tt + ej_i,j_i + pi-i 
1 


ei-i,i 



Proposition 4.1. For alll<i,j<m + n,0<r<l and a fixed b, the elements 
t[- , b of U(p) are m-invariant under the x-twisted action. 

Proof. Firstly we observe that when / < 1 the results are trivial, hence we assume 
/ > 2. Note that m is generated by elements of the form tjj ; b(e c +i jC ), hence it 
suffices to show that 

P r x {[Uj;b(e c+ltC ) ,t hk . b (Tdet A(u))}) = 

for all l<i,j,h,k<m + n and 1 < c < I — 1. In this proof, we omit the fixed b 
in our notation which shall cause no confusion. 
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By (4.8), up to an irrelevant sign, we have 
[tij(e c+1>c ),t hk (rdet A(u))] = 



t hj (jdet Ai c _i(u))t ifc (rdet 



/ e c+l,c e c+l,c+l e c+l,l \ 

1 u + e c+ i >c+ i + p c+1 ■ ■ ■ e c+h i 



t hj (rdet 



V 
/ u + ei,i + pi ■ • • ei,, 

1 



) 



ei, c \ 



V 



o 



" "T Cc,c T" Pc 6 CC 

1 e c+ i ?c / 



1 U + e M + pi J 



)t ik (rdetA c+2t i(u)). 



A crucial observation, which can be deduced from (4.3) and (4.4), is that for 
I <i,j < m + n and 1 < c < / — 1, we have 

Uj (e c+ i, c (w + e c+ i iC+ i + Pc+i)) = Uj (u + e c+ i iC+ i + p c ) (mod/ x ). 

Therefore, 

[tij{e c+lfi ),t hk {rde% A{u))) = 

e c+l,l \ 



t hj (rdet A lc _i(u))t ik (Tdet 



( 1 e c+ i iC+ i 

1 u + e c+ i >c+ i + p c 



\0 



thj (rdet 



/ u + e 1; i + pi 
1 



ei„ 



e c+l,i 

1 u + e M + pi J 
ei, c \ 



) 



V 



o 



** ~T~ ^c,c "t - Pc ^c,c 

1 1 / 



)*ifc(rdet A c+2) i(u)) 



modulo I x . Making the obvious row and column operations gives that 



rdet 



/ 1 e c+ i ;C+ i 

1 u + e c+ i iC+1 + p c 

Vo 



e c+l,2 \ 

e c+l,2 

1 u + e M + p; / 



(w + p c )rdet A c+2 ,«(m) 



rdet 



/ u + ei,i + p\ 

1 



ei, 



ei )C \ 



V 







^ T" &c,c T" Pc 6 CC 

1 1 / 



(w + p c ) rdet Ai )C _i(w). 



Substituting these back shows that pr x [\tij(e c+ i tC ),thk(jdet A(u))}) =0. □ 
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Set a new notation tij. b (e r ^ r ) = (— l)' l 'e|j G U(t)), where f) = gl m \ n & - Clearly, f) 
has a basis {e| r ]|l < r < 1, 1 < 2, j < m + ^}. Define 



77 :[/({)) -► [/(I)), eg. ^ e|;| - ^- Pr 



Let £ : U(p) —?• £/(()) be the algebra homomorphism induced from the natural 
projection p -» t). Define the map /i := f] o £ : [/(p) — >■ £/([)) = £/(0t m |„)®'. 

Lemma 4.2. For 1 < i, j < m + n and r > 0, 

mO = E E (- i ) N+lnl+ - +lv - il ^ e !l • • • e !:i,r 

1<si<---<St.<( l<ii,...,i r _i<m+n 

Proof. Applying the map e r<s H- oV, s (e r)T . — Pr) to the matrix A{u) gives a diagonal 
matrix with determinant {u + ei^){u + 62,2) •••(« + e^z), where its w^-coefficient 
equals to J2i< Sl <-<s r <i e si,s 1 e S2 ,s 2 ' • ■ e Sr , Sr . Now the lemma follows from (4.7). □ 

Now we are ready to state and prove our main result of this article. 

Theorem 4.3. Let n be an (m,n)- colored rectangle and b be the e-S sequence 
determined by the rows of tx . Then there exists an isomorphism Y\ = W T of 
filtered superalgebras such that the generators 

{*$ b |l <i,j <m + n,l <r </} 

ofY\ are sent to the elements ofW n with the same names defined by (4-5). 

Proof. Again, the result is trivial when I < 1 so we assume that I > 2. By 
Proposition 2.2, the set of all supermonomials in the elements 

{^J 1 <hJ <m + n,l <r < 1} 

of Y 1 taken in some fixed order and of total degree < d forms a basis for FaY ', 

m\n ° — u m\n 

(with respect to the canonical filtration). Since Ki is injective, by Corollary 3.7 we 
have 

dim^(F d Y^ n ) = dimi^ = dunF d S(g e ), 

where S(q £ ) is equipped with the Kazhdan grading. 

Let Xd denote the subspace of U(p) spanned by all supermonomials in the el- 
ements -{X-ZJl < i,j < m + n, 1 < r < /} defined by (4.5) taken in some fixed 
order and of total degree < d. By Lemma 4.2 and the discussion above, we have 
n(X d ) = ^{FaY^J. 

Proposition 4.1 assures that Xd C Fa"W„. Together with Proposition 3.5, we 
have 

dim F d S(g e ) = dimfi(Xd) < dimX d < dimF d W n < dim F d S(g e ). 

Thus equality holds everywhere and hence Xd = FaW^. Moreover, \x is injective 
and pi(tZ. b ) = K>i(t~: b ) for all 1 < i, j < m + n and < r < I. The composition 
/i -1 o K[ : Y\ — > W w gives the required isomorphism. □ 
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Fixe a b and consider the following inverse system 

yb,l ^ yb,l + l ^ yb ,1+2 ^ . 

mjn m|n m|n ' 

where the maps are homomorphisms of filtered superalgebras with respect to the 
canonical filtration. Comparing [Go, Theorem 1] and Proposition 2.2, we have 
that Y*,„ = limY ] , where the inverse limit is taken in the category of filtered 

m\n ^_ m\n> ° J 

superalgebras. So we may view Y\ as the limiting case / — > oo of the truncated 
super Yangian of level /. 

Now let b' t^ b be an e-5 sequence and consider the inverse system as well: 

yb'l ^ yb'l+1 «_ yb'l+2 «_ . . 

m\n m\n m\n 

and we let Y\ n be the inverse limit. Let it' be the (m, n)-colored rectangle where 
its rows are colored with respect to b'. Note that we may obtain n' by switching 
the rows of ir and re-enumerating the boxes. 

Since Theorem 4.3 holds for any fixed b, we have that for each I, 

Y b,i ^ w ^ w ^ yb' i / 4 g x 

m\n n n m\n V / 

as filtered superalgebras, where the isomorphism W n = "WV in (4.9) follows from 
Remark 3.4. Therefore, we may simply use W; to denote the W-superalgebra 
associated to any (m, n)-colored rectangle of base I. 

Let p' be the nilpotent subalgebra of Ql m i\ n i defined as in (3.1) and W; be the W- 
superalgebra associated to a rectangle ti of base I. Let n be the rectangle obtained 
by eliminating the last column of tt. Similarly, we define p z_1 and W;„! to be the 
corresponding subalgebras associated to n. Define a surjective map $ : p l -» p l ~ l 
by 

_ , \ _ f if i or j belongs to the last column of it, 
^ %, i' y e it j otherwise, 

which extends to an epimorphism $ : U(p) -» [/(p 1 ^ 1 ). 
As a result, we have the following commutative diagram 

Y b 'l — =-> W n = W t = W n , <-=— Y b \' 1 

m\n n ' w m\n 



yb,i-i - yy ~yj i = W •, i - y b '/ _1 

1 m\n 7 VV7T vy i-l " v 7r' ^ 1 m \n 

where the horizontal isomorphisms are obtained from Theorem 4.3 and (4.9), q and 
q' are natural projections in the inverse systems, and the map is the restriction of 
$ to the subspace W; of U(p l ). By this commuting diagram, the following corollary 
is established. 

Corollary 4.4. The super Yangians Y r b , are isomorphic for every b. 

Remark 4.5. Note that the proof of Corollary 4.4 is not constructive and an 
explicit description of the isomorphism between Y\ and Y\ is missing except 

some special examples. For instance, the isomorphism between Y\ m and Y\ m is 
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_J^_ m m J^ 

given by t[- H- (— l) r t[ (■ , where b = 8 ■ ■ • 8 e ■ ■ • e and b' = e • • ■ e 8 • ■ ■ 8. This can 
be observed from (4.5), but in general the explicit isomorphisms are still unknown. 
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